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APION CTRCUITY wITH LIMKS LEACH PO3SESSING

SEVER, GREES OF FHEEDOM

by Be V. Duleakev,

. Moseow State University.

Submitted 17 June 1950,
L. Hatrix Fauations of Circult Links.

Repnlated systens are usually simple or branched closed clreults in which
ench Link affect the next link, while the reverse acllen [fcedbacg ney be
neglected. The links potoess one or geveral, deprees of freedomj in the latter
coe ay one preferrad cocrdinate may be chiozen fov cach link, ard by elimine
aling the remalning coovdlnutes from the system of differential equatlons of
the Llink, (whiich couations are assumed to be lincar ond with congtant coeffi-
cients) we obbain e single high~order equatlon. Becaune, however, thls ls
frequently avsociated s';‘th complicated transfermations and the equations lose
divecl physleal oliniflecance, it seems advisuble Lo operaie vith the motrix
equablong corresponding Lo the system of gealar eguations of the link.

For instance, let the equabion of O(l have the form:

no L) L) .
5:’ £k (Iﬁ)y(k> S e%’(, (D)% (3= 1y eaey my)
kel k' =1

llere yl(l)’ .,.,yml(l) are lic coordinates of the Link; %yyees X, are
functions representin; the reactions external to the links D is the differ-
enbiol operator d/db and finally fjk(l)(n) and e jfcl) (D) are polynomials

in De Let us introduce the matrix columns

h(l) g
¥y ® . (m x1), x=| . (mxxl)
.ml(l) %,

ﬂlﬂ '
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and polynemial matrices
; (1)
ORI ST UL IOl [UELY

(M) epervations, terminology and desiinatlons of matrix caloulations used
here ad below sre elther univevaally adepted ar cxplained in (1). The
gyatem of enuations of the link muy e revluced by ihe malrix equation

S‘l(D)yl = nl(l))x

Let us hiove & seeond link ™ 2 vlth a meirdx ecordinate yg of {he type iy X 1
and let two Lioks Le connected dn series; thal Ju, the frat 1o affected only
by an action x external to Uie system ol two linkn, and the second link is
sifeetrd anly by the actlon of the flrat Link (Fiiure 1)s ihe matrdix equation

al the seeond Llink will have the form:

w e (D
1?2(D)y2 "2“ )yl

whove 1‘2(13), uz(n) nre polynomisl motrices of the types m, X m, and m, X M.
Assuming the matricen .f.‘.L(D) and !'?(D) to have no singulordiies and solving
the equations formally fox ¥, and Y, by dividingthe le £t term by i‘l(D) and
1'2(1')) we find

- D nx
¥y xl( x Y, E(D).V:L

where each mabtrix

X, (0) = 2, (0) N;lm) Xy(D) = 2,07\ e, (D)

deplgnates the transmiiiance of the corresponding link, fThe line inclined to
the left indicaies that the divisor ls Teom left of the line.
Ilindnating yl we thave

¥, m X(D)x

The matrix

x(p) = xa(D)xl(D)

plays the role of transmittance in the system ol two links,
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lience, the tranemiitances of links cornected in series are multiplied.

‘pre the oyder of tue fagtors in the preduct counting from right te left
corresponds to the order of succession of tne links in the elreult relstive
to unldirectional action.

If each link has one degree of freedom and m, = 1, then the transmittances
X3(D) and XE(D) act a8 Sealarvs asd ine order of thelr mlidpliesation i immoterdal.

The rule esteblletied 18 o . cneralizacdon of the corresponding rule for the
enleulation of Pour=torminal networke (2) wv in the theory of wire communicas-
tione in radin enpineering,

If D Ly repluesd by 1w, as iv dene in a-c Lheory, vien the tranomdttences
are eonverted into the corrvesponding mutrly freaueney characteristics.

We note bthot the schematde repregentoilon o1 tLue stracture of a repulated
syslem ns a clrenlt eontaing on element arbltrary to the extent that in ite
anolysls one can combine adjeining links into one hlock, by conuidering it
a8 a sln;le linke Therefore if eny repgulaled sysbem cannot be represented as
single=loop eirenit with more than two links, it may always be reduced to a
two=link closed loopa. ‘io do this one must merely scparate in some way or other
81l cnordinotes and scalar sauations Into two sroupy and relate one group to

the first link snd the second ,roup Lo Lhe second Link.

2. Single-Loop Closed Clreult

Assume that we heve a single~loop closed repul tion circult consisting of
n links o(l, ibay cAh‘( Flgure 2). 'The first link may be the regulation field.
(Notes This term may be used instead "object of regulation", because one
and the same object may be subjected to regulation with respect to its various
physical properties; for exumple, pressure and temperature). The remaining
1inks are the vorious elementy of the repgulator. Let the number of degrees

of freedom of link be My An impulse ig applied to the first link and &

b

commend is impressed on link X e 1

-3
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The matyix enuations of a syatem of n Linka have the formi

fl(U)yl " nl(D)y“ * "lz(n)a
£o(Nly, * “Q(D)yl
0..'.".!!'.!
ny = e (Ny -
£y, = e, ).vr_'
ok ) ' -| i )
£ 11 Wols " ™ray (O, * ezw‘l,:& (D)x
li‘li.'.llll.
l'n(ﬂ)yn . csn(li')yn_t
iure the mutrlces ¥y, %, %, ol type m:J :'%,, m, X 1, m, x 1, charscterize
reopretively:  stale comaand, Joud veriation sd disturbance in Lhe linka,
The {nnctions £(D) are nonsin lar quadrotic elynomiel metrlcen of order mys

ard el(ﬁ), rey en(D), cr*l,;{ ), °1,,("’ in peneral ore square polynomial

malrices of tyves ml X Moy eeey Mo X m“ ", mr_H x mx, ml X m,.

! qhe desipnalions are chosen jn sueh & way Lhal in one equation « namely,
hetore the aperalional malrix e, i (D) == the sign should be minusj this
cxpresges the fact that tne reguluelor mugt counteract any disturbance of the

repime desired.

Starting with the secend let ug multiply the motrix equations on the leli

by the matrices folloving

e, (D)2, "L (D)e (D) .« .1.‘2'1(17)
-elm)fn”l(n)e,,(n) Y R )
oy (02,F (e (8) + v ey ™ (D)

..1<

| el(l))i‘n )]

-l -
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end add to the firsts Afler reductlen we pet
L5, 4 e (N We ()« BRSO

- al(n)rn-l(n)en(n) r;} Peg g, 00 elz(r’)z (2.2)

sJetting
AJ(I*) = diﬂil‘a(}'), Fj(D) = adjlyl)

where the symbol "ad)" deslpnatia the ad)oint metrly, let us introduce the
trocamitborces of wrddiicetlonal actions Letwecu udjueent linka
y Fa(D)eq(D)
v () @ £ WNJ(M w Fy(Dley(D)
3< ) A 4(D) (3% Ly oo oyn) (2.3)

and the transmittances of ommand and impolse

«(D)e (D)

I3 L
: Y
D) ¢t D e (n) = L1l rel,
Xr Tl (0} o) ( )\\\\I’*yi ﬁr + 1(D)
1“1(13)612('1))
Al(l‘:)

1, = £ 0N, 00 * (21)

Then after division {rom the left by fl(h), the equation (2.2) will toke

the torm:

[ﬁml + x(nyyl e (D)x e, (0)2

where
X(D) © :\1<D)Xn(p) “. s .Xg(D)
ex(])) u xl(n)xn(n) vooX :1}* (D), ez(n) “ x,lz(n) (2.5)
or
¥y " X (D)x + X, (D)Z (246)
while

X0) = [, * KOG D) 1,0 = [y * KT N, (1) (21)

_s-

GONFIDENTIAL

Declassified in Part - Sanitized Copy Approved for Release 2012/05/18 : CIA-RDP82-00039R000100120053-0



Declassified in Part - Sanitized Copy Approved for Release 2012/05/18 : CIA-RDP82-00039R000100120053-0

GONFIDENTIAL
The agquare matrlx
o) wlfr, ol oy xm) (2.0)
represents the transnittance of the apen eirendt . « « which

é 1
civeult o obtained Ly rupture of the connection between the tirat and second

1ink, ss ohown dn the achemstle drawinge If x =7 =0, tien Ly supplying,

for evample, to the inout ol the firet link =, of the clronlt lnatead of

Yy e ginupodded sipnal u(t), we ohall et ol the output of the luaat link
?&1 the nipnal = Y(h)u(t)(}be minug sign wae ebtoelned vecawse of lts cregence
in the (¢ + L)Uh eauation)s £ 123(127 gesipnates the dimenslons ol Lhe scalar
coardinate ydll) , then the dimenslon ij(D) obviougly will Le ZEJ(lzzéFk(¥z7;
if i overtlevlor all coordlnoies yd(l) are dimenzionless, hen all Xjk(h) wlno
wlll ve dimensionlesu,

Gene: glisdn, sosevliat fnde's terminology (3), we wnall detdpnuie the motrlx
PBQ + (D), the"recurrent ¢1ilerence," since Zﬁ“ﬂ + n(Du(t) 1s the dificience
Letween the plinals ult) and  =X()u(i).

the muirices YX(D), Kz(m) repregent Lie lrangmitlances of the regulation
Fleld vith the repuletor connected relative Lo command end disturbances,

That port of the elreuit between reg:lation field and position of command
input wiieh cert covalsts of the links X PYIEIRE TR WL be called the
fredback since ome recnards with its uid the state of the regulotion field
and the trassmission nf the corresponding sipnal for com orison with the
conmond, which comparison tekes place in the link o et ’ I the feedbaclk

iy severed, then obvlously

y. ex(D)x * ez(p)z (249)

1

that is, the transmittunces Xx(D), XZ(D) will be reduced to ex(D), eZ(D).

The term X(D) in the denominators of the righteho d terms of formulas (247)
will therefore exvress the influence of feedbacks Fouation (2.9) charscterizes
the control of an open~circult type, and eoiation (2.6) characterizes automabtic

regulation.
_ -0 -
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1t Xx(ﬂ) i®& finite, then we have for x = ¢onst, 2 ® 9 tie sletie
golution

ylx ® xztﬁ)x|

If in this cane the ccoditdens of ssymptotle stablllity sve satlefied, then
trle aolutlon ciaracterizen the stete te which (iw regulation fleld tends
in reapense tn B eomatant commands the disere nney yix - y1 tende hiere to
“or0,.

In a almdlar way, 18 Xz(ﬂ) is {inlte, then Jor x = O, 2 = congt ve obilaln
A perbiel solution

"/1'1. " ‘?31(’?)’(‘

characterizing the statle reactlon of the repulatlen fleld to a conutent
digturbancey for inutonce, to o decresse in loid of o steam engine by n
conalant omount., I
Xz(ﬂ) "0y

then tie astotle reaction equals vero. udden imponltlon of & constent diu=
burbance produces a tranglent process, after the terminatlon of wideh the
regulation field returns to its provious state; hence we nave luodromle rege
ulation,

ileo those sysbems in wiieh not wll, but only some of the most important
conrdinates have zero stotic valu g for constant disturbance may be called
igndromic regulation systems; but this case may be reduced to the previous
one, if we narrow the definition of a regulatlon field und assume that it
48 determined only by the volues of those coordinates of Intercot to us.

By malking the substltulon D ~>iw we may by the usual methods convert
the transmittences entering in the previous enuations to the corresponding
frequency characteristics. These characteristics may be found not only
by computation, but also by experiments for which it is necessary alternately
to food ginusoidal impulses to each scalar element of matrix coordinates at
input snd to measure the corresponding amplitudes and phases of the matrix
elements coordinates at outpute The characteristics Xx(iw), xz(iw) determine
the repimes of the stationary sinusoidal eselllations for sinusoidual commend

% and sinusoidal disturbance z.
w'l om
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If we replace in (24€) the "undetermined" operstor I by the Heavysidee
Caraton operator p, we asliall obtedn an enuatdion of the tranuient process
in the exvresalen for the cases with zero initlal valueu. In the cases of
nenezere initial velues It is necessayy first to eliminste the denominators
and to add, acvording te well known rules of r~mevatlensl esleulus, the terms
corveaponding to the indtdal values. The non~enuivalence of thie inltdal and
the tranaformed eonationa in the sense of, for instance, luzin'e delinitiona
(h) 1o lmaeterial, §f we correctly tuke into cemaideratlon the cennection
wene the indtlal values of unknodﬁ und thelr derivatives that enter the
apdpdnal and transformed enetions. The aypplication of the obtsined eaustions
to ihe caleulation of the characteristic determinant and Investipotion of
tire atabllity of nitoral oselllations is dlucussed in seetions 3 und 6
belows

In partlevlor some or all links o 3 may have one depree of {reedom,
go that mJ ® 1; then the corresponding fJ(D) will be scalar polynomlals,
J(D) will he scalars

only in the case where bath adjacont links &\ NE c(d have one depgree of

The polynomlal matrix nJCD) and the transmittance X

Lreedom (at § = 1 this wiould hold relative Lo h and 1); gsimilar ree
marky may be made relntive to the motrdces

€L x(D), e ., x(D), xlz(w)

ol (0, %,

1y N

desipnuting
o) = 2\ e, (7 (2.10)

we can wyite

ex(n) w %(D) { (D)
X (D) = [F + x(0)7 \, #(D) 4. (D) (2.11)

In the elements of the matrix Eml + X(D) let us mark the terms containing
the degree D that is the highest for each colum, a-d let us ussume that the

deberminant of coefficlents of these terms it dlfferent from zero. Hext let

"'8"’
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us conaider regulated syslems for wilch within & certaln Land of frequencles
the matrices X(1 ) arve large. In this cuse the matrix

sd) [, ¥ W) e (éta)
det, /j"‘L XY .

@) = [ 4 (:L;é)?\eg(iw) -

1o gmall, asd tue distribances hardly felty +g for {ue nuixdx
KAR) = [y o xtw) \xaw) Lited »
- "]-ml + )’(i(\)y\ﬁgml * }:<i'ﬂ‘3) - I'Km.l_] t’(lﬂ) "
- 1"'m1 - Z’T’ml - x(iwy\xml Y_(:L:o)g

1t erproaches &(i‘m) and therefore in the ernsidered band the approximate
value of the freacency characteristic of commend s P/(itd). In oxder to
pregent this cane more eoncretoly, let ue asaume that My ®m, =m and

o K
e ;o x(D) = er*' (1) in consenuence of which Lhe transmi ttance of the
£

Lfeedback is

(D) = xr(m) . .X?(h) (2.12)

becones a gacare awbrix of Lhe meth order, ss well as tne mutrix

e (D) w :{lm\)xn(n) .. .xr + L () (2.13)
Lhus
X(D) = e (D)e(D) = %(1) (D)k(D), (D) = x"1(p)

80 that the-frequency oharacteristic of comsand 13 in the main deiermined
by the feedbuck; in other words » the response of the system to the command
depends orly on the tuning of the measuring, smplifying, tranemitiing, dipglital

and controlling elements that corstitute the fecdback line,
3s The Characteristic Equation of the Single-Loop Closed Cireult

Lquation (2.2) was obtained from the elven equations (2.1) Ly term=by
term addition of the first to the others which others arc multiplied on

ab the left by certain matrices. The results iu clementary transformations
- 9 -~
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of the third type in the sense of-(1), saction ld7, pevformed on the rows
of & Jumoed foam of the operatlonal matrixs thet lg, the matrix of operatore -
in the un'mouns,
Therefore 1f we veploce the first of the glven equationg by eouatlion
(7.2) and leave the others without change, the cperational matrdix of the

ebitpined system, wideh way be repregented in the form
fl([n * elCD)};n(l‘)) ) 112<D) n « el 0

=en (D) £(D) « o 0
&
4 @& e @ & 2 ¥ 4 @ 88 e VY 8 ¥ U & e B

i 0 0 - e“(D) £‘n(’£))

has the same deterninant A(D) as the operstlonsl matrix £(D) of the original.

Makdng uce ol Lapleee's theorem we obtaln
£(D) = dat [x"l(m) + e (M (D) o . .xz(n_y det f?(D) o odet £(D) =
= det tl(n)zﬁml * X0 ap(0) v e .An(D)
ar
A(D) = A (D)det E"‘l + X(0)/ (3.1)
where the magnitude

AO(D) » /.l(,n) - .An(n) (3.2)

ropresonts the charscteristie determinant of the open cireult.
Developing the determinant of the recurrent diflerence
. (D)
l + )\ll(D) “« 0. lel
F."'Y(D)" ® ¥ 8 8 8 8 8 ¥ 6 8 B & 4 & @

m,
xml(n) v e sl (D)

X
mlml
we repregent it in the form

det /Fm + X(D)7 = 1 + K(D) (3.3)

ulO-
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where

S (D) ¥ (D
RPN LD ™ o)

o An) v, (D) %D
: 1 ) d.k() (31

> |y
+ 'x‘u(n) "'J;)“') xdk(n) + 4 o e+ dot X(D)

i
g (D) Ty ) X (D)

leeause, according to (2.7), we have

+(0) &in)cl(,rz)?n(m)on(ﬁ) .. .1«2(;,)02(1,)

"1”"')%(1‘") e ne e Azﬂz)

thien all }'..,k(ﬂ) have the divisor AO(D); and K(I), af'ter reduction 1o one
derordnator, beles Lie forme K(D) = L(D)/A™L(D)
0
where L(D) 1o & polymoniale  Bub the expression
L(D)
A(D)  det £(D) = "om L3+ K(D)7 = Ay (D) + NTEITH)
0
shonld Le an dntepgral rationsl funetlon, becawse il is the characteristic
determinont of the close elreudts  Consemuently
mJLJ(-T)) = 15(D)
A (D)
where (D) 19 a jolynomialy hence

L(D) = H(D)AML(D), (D) z/\'io?n) (3.5)

This 13 the form K(D) should have after calewlation and pnssille reduce

tionss The characteristic determinant of the closed ecireuit will be
b)) = 8 (D) AT+ k(D)7 w A,(D) + M(D) (3.0)

¥nowing it we may write the characteristic equation
4(D) = 0 (347)
The expression (3.6) makes it possitle to investigote by ordinary rules
the stabllity with the ald of the frequency erlteria of A, V. Mikhaylov and

Nyqulst or the RoutheHuryity inequalitles,

- 1] -
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Since in the calowlation of the characteristic determinent the extemal
actions x urd @ ave immaterial, we may obtain ether expresaions for K(D),
interrupting the oiveult after the sweoird Link, slfter the third eto.:

14 K(N)  det [ﬁf’,]g * :(a(r))xl(n)x"(n) . .xa(D,V -
= det [y ¢ Xa(DYX, (D)X, (D)X, (D) o, (n)7= (3.8)

g Usuolly it Lo most u«Sn sandent to interrupd alter the ldnk & 3 for whieh
nu du o mindoun, cerflerahly wilty, aineo in this ecnse the transmittance of
the open elrendt and the cerresponding veeurrent differcnce sve obtained by
sealars, In Whils croe ve have

gn) =%, (n) , . .‘fl(n)x“(n) voe e

) 3+

e Automotle Control ol the Courae ol a Ship
An an example of the theory developed In the proceding seetdens, 1 to 3,
et ua conslder Lhe well knoun oniatlons ol the automatic control of a
ship'e eourse, whleh may Ge fonnd, for example, in Basin (7) Vedrov (6),
Welsg (7)), Gramsel (B8), ‘me-Cald (9) o &, Chalnero (10); t.ose equations
iy 0leo be amlied o adreroft.
The ecquation of momenis relative to the ship's vertical axis, passing
through the centor < grevity, end the equation of the lateral forces may,
for amell deviations from the rectilinesr course, be written in the form
(1P0% 4+ D)3 4 e =f w0 (L)
«IDY % (3D + L)X - m‘3 n 0
liere @ deslynates the yow angle [Figure 3) = taat s, the anple that
the shlp's lonpgitudional. axls makes with the given course; elpha 1s the
anple of drift - that is, the anple that the longitudinel axis makes with
the veloelty vector v of the center of gravity; beta is the helm angle.
The remaining letters (excopt D) designate coefficients w ich may be cone
sidered convtant for & given veloclty.
The equations of the control automat end of the rudder mechanism will be
w122 e m+d ) (x=0) ~n
(vep? + WD) = he (la2)

.y
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flere sipma 18 the coordinate of the servomechanismy x lu the coinmands
Lg, H, , 1 designate paremeters ol the getting of ihe automut) v s Wy b
designate the paraneters of the rudder mechanlsm.

rocording to the Lirat eqation the autonal rescts in genersl Lo the yaw
angle, anguler velocity erd seoelerntdon, as recistered by senalidve elenenta,
and to the aignal preportional to the helm snile i transmitted by feedbaoke

In oxder Lo decrease the number of constert puraneters, let us Introduce

new varigbles t', ', ! Ly nesns of the ratios
"
il

Ta ¥ = .,3" v
R S o GO
and note that g
B ' 1 w8
D =TT h (ot =)
Transforming the equations we find
(n' 2, ') 4 1c‘@~'—B' .0
318 + (8D 4 Loy ! = ! (2_,' -0
G- L2 24wt + 1) (x= @)= nl('3|
(Vg2]’)!2 Y ]']l);’-sb - 6‘!
llere
1y U s0° s B o
Kim=g &, 81 =TS, megEm, L2 ==L
12 n 22k U,

M! “WM’ {0 n Uiqi s nt = e My V'2 .—TWV

The nonprimed and primed constants enter the original and the transformed
equations exactly in a similer wey except thal to the constonts T, U, W, R, h
of the first system correspond the values 1, 1, 1, 8', 1 in tie second,
Therefore we may simply assume that the: considered transformtion is slready
pertormed and omitting the primes, pet in the oripinel equatione

fwiwWwl, R=8, h=l,

“l3 -
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Hext aolving formally equatlons (Led) in  ,  and equation (1.2) in

s s We obtaln matrix eouvations

2
- = xl(D) ('b
5 G
CIRELUIN RPN N

llere
5 0) = 0 () RN AR
i ) !O wf (i + 8D
L??I-)?- & MD vep? B n
RO =y e
! )
L?]‘.? MDD # VEDZ .
2™ " gy -

3, (D) = 502 v (5 v 1)DP 4 (Sk + 1) D, 2, (n) = V22 4 b4

The transmittance of the cireuit npen at the nput of tne gecond link,

+ 4D+ C

%m

will be

(. (D) SD+ (L =km) 0
X(D) xl(rx).)?(r,,)..

2 (m+8)D ¢

where
4,(D) = Al(D)Az(D)
Henows

k(D) = (12% + wp + £ ) /5D + (1=km)7/A (D))
KD) = 8 (D)/I + KDY =

. koS 3,02y
k D5 + klnh + D% 4 kegD? 4 0 + ke

uJ‘)Ju
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where

k= 5V

ky = SR 4 1) ¢ VP

.

fom Sl 4 n e Via 1) s Ve ad

k. w84 0+ k) 4+ L2Gkm) ¢ 0+ 1
k= 8( {//* kn) + M(l=km) + n

Kg = {(Mm)

It is essy to ralivze that thie uame expressions for K(b), A(D) are
obtained LF we open tie clroult at the input ol the first link.
For the investigation of stabillty let us confine ourselves to the part-
lculor case
LelmwVwn
that 1s, we asgune that the pervonechanism reacts only o the yaw augle, and
the inertia of the steering mechandsm may be neplecteds
Then the characteristic equation A ) » 0 may we written in the form
P} )nao(h) +R(A) 0
where
p(M)ms 3 e (8410424 (Sk+ 1)
0()) =8} + (1 =km)
BAY m s s (s +2)A3 s (ks 1) 2
Assuming A = 1240 we separate in the characteristic enuation the real
and imaginary parits, and solving the two equatinne obtain for n and ﬁ, we

derive ratios of the form .

n e A, (0)//\Le)
fn A\ N @)
These ratios may be considered as parametric equations of a certain
cuxve N in the nd= plane. Tt divides the plame intokegions in wiich the

characteristic squation possesses ons and the same number of roots with a
.l;u
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peeitive real vart /T17, One of these regions will be the region of stability
(there the number of vaots with & positive real part will be zere)s In this

case we have

"/\-c‘w-""} = )t I:" L«.Jk * Sg'k K Sl) - l]
2 AYPRA PRI Ly
Ay e @M= S0 U8 = SE =) YK ) ]

;-/\- (.’v‘) S

e SCY K e e KSR e /)
The ahading of the curve wae done according to Neymark's rules.

"

L

AN

Singuler stral; ht lines aorresponding to m 0,00 are the absclusa and
the strai@t 1line at infinity. ! (
If in the choracteristic equation and in the ecuation
P n+oi()) e Rr(N) =0
ve set ,\ r £ and solve for n, F » then we obtain a parametric equation

of the discriminsnt curve (12):

where

"

[fey = =y =y o= T T . (1 3(5*')5'

Let us f.nko, for instanoe, for the natural parameters of the ship the ../,.4»,)/5}(,,)
numerical values cited in chapter VIII of boolc]A‘ Me Baaints (5).
Then we shall obtaln the following values of the parameters of the equatlons
(before the transformation of variables):
2 « 0.6601
U = 2,007
R = 0,6009
8§ = 1,295
k= = 0,528
m = 0,233
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Mter transformation we gety

K& = ﬂ.ﬁ’:ﬁlé
L™ 30930
ne= 3-066

The ourve N md the dlgoriminent curve Lo thewe raremetors are represented
in Flyure L.

The curve N and the nougitive part of Lhe abaelusa, shaded accoxdin,, to
Neymeork's rules, se;vegates Lhe regdon of stability. 'he dlscriminat ourve
degregates Lhe subropion of aperindical damping (shawn by eontinuous phading),

The author exirenses his prutitude to La 7. Pirogov, who perforned all

the coleulutions necessury for the construction of the curves,

Se  Gyroscopic Stobilizer

A8 a sceond oxample, Lor whieh the anthor is obliged to Ya. N, Roy tenberg,
let us eonuider the Hyroscople stabilizer, in his article (13), from wiich
the author took the eouations,

The natrument du intended to keep & platform, which may osclllate around
o horilzontol axle, in a hordzontal positlons It consiste of a gyroscope with
three degrees of freedom, the housing of which nlays the role of a Cardan
ring, while the evternal ring is ripgidly Joined to the platform, so that the
exls of the nlatform is gimulteneocusly the sxis of the outer ring,

The shéft of the directecurrent electric motor, w.ich has to overcome
umnﬂMnMCMWmlmmmonWemmmm,ucmmwtommanaw
means of geem transmission. The electric motor has an independent excitation,
and the current in its armature ig controlled by the amplifier, 'The voltage
to the amplifier innut i fed from a potentiometer, fixed to the ayroseope
houaing.

During the action of external disturting forces on the platform, pro-
duecing a moment relatively to the axis, the gyroscope pregegses around the
axis of its housing, and the potentiometer fixed to the housing feeds voltage
to the input of the amplifier, The voltage after amplification is transmitted
to the elreult of the armature of the motor, which develops a moment counterw

acting the moment of external forces,

COMFIDEW it
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! The ryresecpe bealdes oontrelling the moter, also performs the functien
of direct atabilizatlon of the platfnw, because the currents in the amnlifier
avd the armature of the electrie moter, and therefore also the terque of
the latter, has not yet reached the vequired valuey the oalancing af the exe
ternel moment oocura nat only en account af the moment nf the mator, but aleo
on aeceunt of the pyroseople moment, developed en result of the precession
ol the pyrescope.
For & linear law of the potentiometer, the mauatiens of the system, nay

be reoresented in the form

LUK -HD@ - [l =0 (ryrose:ple

Hy IADQ{-; LI ayntem)

T *(D41) 4 -pI=0 (motor
-45’,3 + (D+ L)L a0 (amplifier)

Hlere [ o ia the angulor velocity of the plotfarm; ‘,3 18 the angle of
precevsion of the yyroscope housing velative to the platformy L and I the
enrrants in the ecircult of the motor armeture ard in the amplifier; A ig
the moment of inertis of the platform end ot the gyrescople gystem relative
to the platform axig topether with the mentioned moment of inertia of the
molor armature; B ls ihe equatorial moment o inertia of the gyroscope; Il is
1ts linetle momenby p, g 2 Py By 8, » are the parameters of the motor and
amplifier.

Taking es the first link of the elrvoult the pyroscopic system with the

motor and teking a8 the second link the amplifier, we have the following

matrix eouations:

| )
{% " XIAE))I Iw "txg(D) 6“
L 4
in which 2
p BRD
xl(n) ~—ZI+99 =HR

pARD? + 12)

~ 18 =
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Y]

“‘) .
¥alPY ® form) I " =2y 0
NORRLY- RS R R IR A
P} = D v 1
nw /A, q s H/N B

The trapsmittanes ol the cdroult apen sy the output of the second link

will be:
(D) = xg(n)szl(n)

2 K
u mi /h“(n)
whore

mw 1ip/i, fu(h) = Al(n)ﬁz(b).

jecause *(D) ier ia a sealar, then
K(D) = %(p)

ung the churacterisiic deterninant will be
AD) = A (DA + k(1)7

u An(D) v
or
£(D) = AR/ D+ (~+ 7 )D!' + (L F nore quﬁ‘ ol )D3
+ (n + q267 + Q?T')D2 + qzn + mq2~7

6s Characteristic Fquation of the Mofifled System
As o generalization of the problem in section 3 let us consider the fole
lowing problem: knowing the characteristic determinant AO(D) of a linear
systen:
£ (D)y » 0
find the determinent A(D) of the modified system
ED)y =0

-19:-
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Here, keeping dn mind the application of {resuency methods to the investe
1gation of atability, one ia required to deternine Uhie yutle A(l’d)/ﬁo(im)
Ly either computatienal oy experimental means.

Tt 1n ussumed that £ (D), £(D) are square neirices of the same order n
and that the matrlx

7 2Dy = £(0) « £ (D)

hes non=vera elements only in the rows with numbers 31 00 ) P and in columng
with numbers 1:1 « 0 }cq. ettding

o
Vi,
.
u= .

™

and representing the second matrix eruation in the form

fo(l’)y 0. D)y

we may substdtute it by the equlvelent system

fo(l‘l)y v, u= é Yy V- XQ(D)u (641)

where 15 a matrix of the type n % p, in which the elements 3 1,1
2
L .gjp’pecual unitly, and the remsining are zeros; furthexr & is
a metrix of lhe type q x n, in which the elements equal unity, and Lhe re-

maining are zeros; and finally

Srdl,klm) cow B2y (D)

XZ(D)" e 4 9 2 00 0 4 8 0 0 08 s e

. s » (642)
Ofdp,kl(n) s o0 fjp, ]Cq(D)

w 20 =
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The three emations (6,1) nay be consldered as the equations of the
nka of a cloased eirauit. The aperatlonsl metriees of the links are J,‘O(D),
’.q, Iy 8nd the elaracterietic deterpinant of the open elreult will be
Aé(n). Solving the firet equation for y, ve:

y= Xl'(D) v
us by
v e e XD (6.3)

vhere

() o
Pl,Jl()...J (l

)Ci(f))'-—l- ® " 6 8 & & & & " % 8 A &

8, (1)

)
Em, 11(D) PN I‘n’ In (D)

and F‘jk(m) are elements of tho motrix 1"'0(1)) whilch 1o added Lo fo(h).

The determinant of the closed cireult ls, according to (3.6),

MDY = 1 (D) + 1)
vhile 1 + ¥K(D) enuals the determinant of any one of the two matrices

1 et
5 ) D E + D)GYa (D
Eq * xl(n)xz( )s o xa( Yoxp(n)

which represent the recurrent differences obtained upon disconnccting the

cirueit after ].im:e( " nr after 1ink(3<v.
!
Setting ¥, (D) N3 %, (D) or

(0) »(0)
R, di(m v e P}q, jp(n)

X (D) =

6 5 4 8 s & 4 & 8 0 B & b

Ao CD)

{0) o B0 | 6
Ik’hd (D) + lkq, jV’(n) (6als)

- 2] -
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we aliall repreaent the recurrent differences in a more gimple form
E o+ ¥ (D)X (D) o+ x (D)X (p 4
o O R e x (), (n) (645)

and thoen

AD) = 4 (D)det [Eq * xlw)xz(ny " b, (D)det [L‘Y’ + xz(n)xl(u)] (640)

b my alio eliminate y Lrom the aystem (G¢3)s The equations thus obtained

are

uw Yl(u)v, Ve o Xz(l))u (6.7)

and nhould be conaldered as the equatlions of & (wo=link circuit,
Interrupting e clrendt at Lhe output of link ~ us one can mecsure
experimentally the elements of the metrix Eq + xl( 1) )X?(iA)) by comparing
the ninuanidal nipnels supplied to the input of Jink «txv with the rcaponse
alpnado recel ved al, the outpnt of 1.1.nkfb(u. The closed circuit and the
poaitlon of cut-off ave represented in a schenatie dlogran (Fiuurob‘), where
the link u? making up part nf the unmodified ayaten °Y 0? is represented
inslde the lotter, The link f)(v represenis the aggesate of those clements

Ly which the syatem K-X(’) differs from the modified system

Te Multi-Loop Closed Ciréults
The theorems obiained in sections 3 and 6 above may Le upplied to the
calculation of the churscteristic determinents and to the frequency invente
lgations of stability of complex multi=loop circuits, For this purpose it
i necessory firet, by climinotion of some elements and internal connections,
to transform the given system into a passive system the gtabllity of which for
any complexity is not required in an onalytlc check. MNext 1t is necessary to e
return to the original systen, by applying in any sequence and combinations
the blocking methody that e, the joinin[;' of one internal loop or another to
one link with a matrix coordinate (800 section 3), and the method of successive

reconstitution, stage by stage of rejected elaments and connections (see

nzan
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gectinn 6). AL every stage it is necessary as usual to oheck the zercs of

the determinants corvespanding te the reecurrent differences /79 7 (Chapters
VIII) which may be found both by computatien frem the equations and by
experiments = namely, by forming the frequency cheracteristics of resl elementa

or groups of elementa,
BIBLIOGRAPHY

1. Do Ve Dulgakov, folebaniya (Nsoillatlions) Moscow=Leningrad 1919,
Vol I, Chapter l.

2. F. Strecker and R. Foldtkulleri Grundlagon der Theorie cdes allgemeinen
Vierpnlo, Flektrlache Nachrichientechnlk, 1929, Vol 6, pp 93-112.

3. C. Fode Theory Clrcuits and the Design of /‘mplifiers with Feedback,
Transmitled by A. A. Kolosov and L. A, Meyerovich, Moscow, 1548,

e No WMo Luzin, "Study of Matrix Theory of Differential lquations",
Avtomatika i Telemekhanika, 15940, Wo 5, pp h=66.

5 A, M. Hasin, Teoriya ustoychlvostl na kurase i povorotlivosti sudna
(Theory of Stability of Course ond Maneuverability of a Ship)
Leningrad=Moscow, 1949,

6. V. 8. Vedrov, Dinamicheskaya ustoychivost samoleta, (Dynamic Stability
ot Mreraft), 1938,

7. H. K. Welss, "Constant-Speed Control Theory", Journal of the Aeronautical
Sciences, (1939) Vol 6, No L, pp Li7=152,

8. R. Grammel Der Kreisel, seine Theorie und seine Anwendungen, Braunschwelg, 1920,

9+ L. As Mac Call, Servomechanism Fundamentals, transmitted into Russian,
edited by Ya. Z. Toypkin.

10. "The Principles and Practice of Aufomatic Control", The Engineer (1937),
Vol CLXIII No 4228-L2)1. Russian translation under the title of "Avtopiloty",
adited by Ge. V. Shohipanov, Moscow=Leningrad, 1939.

1ls 7Yu. I. Neéymark, "On the Determination of the Parametric Values at which
the System of Automatiec Regulation is Stable," Avtomatika i Telemekhanika,
1948, Vol IX, No 3, p 190,

923-

CONFIDENTIAL

Declassified in Part - Sanitized Copy Approved for Release 2012/05/18 : CIA-RDP82-00039R000100120053-0




Declassified in Part - Sanitized Copy Approved for Release 2012/05/18 : CIA-RDP82-00039R000100120053-0

GONFIDENTIAL

12, Be Ve bul.akov, "Discriminant Curve and the Reglon of Aperiodie Btability,"

Priklednaya Hatematika 1 Mekhanika, 1950, Vol XIV, No 5, p L53.
12e Yae Hle Toytenberg, "deli=Exeited Oucillations of (yrossopic Stabilizers "

Prikladnaya Hatemetika 1 Meknanika (1947), Vol XI, No 2, pp 271200,

35
/ .« TIGURES
- L
Fo?urq /, v
/" -
.// o X
//"V -
AT el T
- Wi
F'y‘“w 2 ' Flf’tli’bé‘— L,
-
s mem s e s s ey
d ! '
o o | e j 1
I [ ) \
{ i v l
4 M~ _l !
s u = i
: 1 a2 |
. e somea T RURAL | |
yz:;«_,«;gmﬁ ' . _l
Frgwre g, . PI‘?&H‘& &
\ ' thea
/
)
«END -
- 2h -

GONFIDENTIAL

Declassified in Part - Sanitized Copy Approved for Release 2012/05/18 : CIA-RDP82-00039R000100120053-0



